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CHAPTER 1. Introduction

This paper investigates image representation and reconstruction wsing frames of
trandates. One gplicaion d this gudy isin the reconstruction d an image from two or
more images of different foci. Digital images are treated as vedors for which the
intensity value of each pixel isa mordinate wefficient. The two images of different foci
are treaed as a projection orto aframe from the original in focusimage. The
reconstruction d the original image is made possble by finding adual frame. The
cdculation d the dual frame would namally be numericdly intradable. Part of the main
focus of this gudy is abou a dimension invariance property that all ows the dual
cdculation wsing a subspace. The dimensioninvarianceis shown urder the compad
suppat assumption onthe frame. The reasonablenessof this assumption on padicd

applicaionsistested.



CHAPTER 2. Frame Theory

Definition: Given aHilbert spaceV, aframeisa murtable set of vedors{f}«i I V with

constants 0 < A £ B such that

"f1V A|f["£4 £B|f|.
Kl

(f. 1)

The onstants A and B are respedively known as the lower and upper frame bounds. The

spacesin this paper are dl finite dimensiona over thefield, sofor aframewith m

elements, the frame inequality becomes.
AlfFEa |t 5 £ B]fF
k=1
For any finite set of vectors using the space defined by V = span{fi}, we can chocse

o m 2 . . . ... .
B=a | f.] andtheupper frame wnstraint will automaticaly be setisfied. Similarly,

there dways exists an A such that the lower constraint will be satisfied.

Given aframe there are three operators of importance the analysis operator T

m

T:V®\ ", suchthat Tf ={(f, f,)}

k=1’

the pre-frame or synthesis operator, alinear mapping which isthe adjoint of T

T\ "®V, suchthat T'{c,}, =4 G f,.
k=1



and by compasing these two operators we get the frame operator

(f,f)f.°

I
Qos

S:V®V, suchthaa & =T Tf

=
1l

1

Theformula & = <f, fk> f, shoud be reminiscent of the decomposition d a vector

m
=1

[o]
k
by an orthogonal basis, however the vedors {fi} may not be orthogona nor linearly

independent. From basic frame theory we know that the frame operator Sisinvertible

and self-adjoint and it can be used to represent any vector as

(f.s*f)f =a (f.f,)s'f,.*

1

Qos

f =

m
[o}
k=

=
11
[N

In general, given aframe {fy}, there ae dual frames{gx} such that

"tTv, f=a(f.g)f=a(f f)a.

m
= Kk=:

m
o o 5
k

[y
[y

The dual where g, = S*, is cdled the standard dual.



CHAPTER 3. 2D Frames of Trandlatesin I mage Representation

This paper will be dealing with framesin afinite 2D space where the frame elements are
integer rotational tranglates of afinite set of vectors, spedfically two prototype vectors.
Frames of trangdlates arise naturally when deding with images and their representation.
Let the mordinates of the vector fo o associated with the origin be fog[X,y] so that the

trandates of foo have mordinates
fii[xY1= foolx+i,y+1,i,j T A.

Theindexesi and] of f;j indicate the anourt of offset in the x andy diredion o the
vedor relativeto foo. For computational convenience, a'"rotational trandate” is defined
here so that periodicity is asaured, ie. for an image of height nandwidthm, f[1y] =
f[n+1y], andf [x,1] =f[x, m+1]. Equivaently

fi,j = 9in f0,0-
where 9" isa2 dmensiona rotational operator.

Taking an image f and projeding it onto a subspacedefined by the two vedors fp o and
f'o0, andtheir trandatesf;; andf';;, theresult isavedor in asubspacewhich is the span
of the frame{ fi;, f'i;}. This projeded vedor may be written as (&, foofi, &, fofi,...,
&t &, T'0oh, &, T'04R,..., &, T '), Which contains the cefficients of two images,

ead at adifferent focus.



The original image can then be reconstructed using the formula.

1 n-1m-1

<f7f| J>gi,j +é é<f'fli,j>gli'1'

0 i=0 j=0

>
3
-

Q_)o :
- Qo3

0

where the frame{g;j, 9'i;} isadual of { fi;, f';; }. Becausetheoriginal vedorsare dl

trand ates, the standard dual vectors will themselves all be trandates. A proof of this

follows. First it is siown that 9 ' and Scommute.

Lemma 3.1 The operators 9 " and Scommute.

Proof: Recdl that every frame{hg | has astandard dual frame {S*h 7, .
So for eath k, g0 = S*f X5 isthe dual of fXyp.

By our definition d the frame operator,
gOAO ééé<f0’/-\()’flj>fi,kj'
ki j

Applying 9" to bath sides of this equation we find that
97, =914 a (fA ) f) =
K i

g m-1ln-1
é.é. é.<fA0’f|J>9quk é.é. é.<fAO’f|J>fIEPJ+q
k i k=1 i=0 j=0

Now notethat " p,qi I, (f,g) :<9p'qf,9"'qg> so we have

ad a(fi t5) il =aa 5(9%0‘\0,9*’% ) g =
k ki

j

é.é. é.<frl)/_\q’f|:(-pj+q> fllj-pj+q :é.é. é.<f;;\q’flj>f =Sg p'qfO/,-\O' 1
k i ki ]



So 9 P9y = S9 Py andthereforethe Sand 9" operators commute,

Theorem 3.2 Given {9 f¥,0}={f ¥}, aframe sequence of integer rotational translates
of afinite set of q vedorsf o, there ae veaors g, whose integer rotational translates
{9" g0} ={df;} are adual frame sequence.
Proof: SinceSishijedive, S and 9" commute, it foll ows that

S'ff =Slorafk =grigifk =g ragk, ,
Thisresult will be extremely helpful computationally, as it means that by finding the

duals of the prototype dementsf ¥, the entire dual frame can be generated through

trang ates.



CHAPTER 4.

Numerical Complexity of Dual Frame Evaluation and an Efficient Algorithm

4.1 The Pseudo-Inverse and its Computation
Givenanm ™~ nimage, the vectorsin ou spacewill have mn coefficients, and the matrix

representation d T will be aamn”™ 2mn matrix, with ead row having the wefficients of

aframe member. Given this mapping from E:, ™, *™ amapping E:, ™4&, ™ with

the properties of adual frame needsto be calculated. Notethat E isnot surjedive. Since
it isinjediveit has an inverse E ™ which can be extended to the mapping E: by setting

E (y+z) =EX(y) if y1 Range(E) andz1 Range(E)". E isknown asthe Moore-Penrose
pseudo-inverse.® Calculation o thisinverse requires the singular value decompasition o
amatrix, which has complexity O(n®). A more mmplete description d this caculationis

included in Appendix A.

4.2 Computation of Dualswith Compact Support - Dimension Invariance

It will become evident later in this paper that the spaces whase duals must be computed
have adimension equal to the number of pixelsin the digital images. The majority of
images tested in this paper are arather small 384x 512 pxels, for adimension o
approximately 200,000. The pseudo-inverse that will need to be cmputed will t herefore

requirethe inversion d an already 200,000x 400,000entry matrix. The computer



memory requirements just to store this matrix are ébou 640gigabytes. Thiswould of
course be quite unwieldy, and the time to perform the calculationwould be astronomicd.
Fortunately this computation can be vastly simplified. For vectors with compact suppart,
given a space with large enough dmension, the wefficients of their respedive dual
vedors shoud na vary with the dimension d the space Thisis called dmension

invariance, and a proaf foll ows.

Definition 4.3 Define the minimum covering ball MCB( f) of afunctionf asfoll ows.
Let B be a ¢osed ball with radiusr such that (x,y) T B: impliesf (x,y) = 0 and for which
r £ qfor al closed bells By that satisfy the same condtion. Let MCB(f) = B: bethe

minimum covering ball of f andlet diam-MCB( f) = 2r beitsdiameter. If afiniter

exists then the function hes compad suppat with supp(f) i MCB(f).

Definition 4.4: Define an M~ N-2D space & a space of dimension MN where the

coordinates areindexed asan M”N matrix.

Definition 4.5 Define an exension mapping as a mapping from avector inan N” M-2D
spaceto an (N+a) " (M+ b)-2D spacewith a3 1and b3 1 and where the vector's sippat

does nat span the matrix boundries. The mapping takes each coordinateinthe N M



spaceto its respective wordinate in the (N+a)” (M+b) space and ead new coordinate in

the (N+a)” (M+b) spaceis st to zero.

Theorem 4.6. Given aframein afinite N° N-2D space with frame members that are
rotational integer translates of two urique generating vedors, let the sum of the diameters
of the minimum covering ball s of each generating vector and its dual be lessthan N,
diam-MCB(f) + diam-MCB(g) £ N. If the generating vedors are chosen so that their
suppat does nat overlap the bourdaries of the matrix then an extension mapping of these
vedorsto alarger 2D spacewill preserveduals. That is, if the vedors and dua vedors
have compact suppat in alarge enough spacethen dmensioninvariancewill be

achieved for any larger space.

Proof: Let {9 %, 9% % ={f; %, f; %} i1 {0,...,N-1) be aset of frame vectorsin the

N’ N-2D spaceV spanned by this frame with N odd Let f *and f ? be the mrrespondng
members of {f; %, f; °} for which MCB(f ) andMCB( f %) are centered in the space.
Centered means that each coordinate of the canters of MCB(f %) and MCB(f ?) areiin the

interval [(N-1)/2-%2,(N-1)/2+%2], ensuring that the suppat does not overlap the 2D matrix

boundries. Let{9'g", 9%g% ={g";, ¢fj } be the standard dual vedors for the frame

{f; . f; %} in'V, chosen so that MCB(g") and MCB(g?) are dso centered.



Let thevedorsf?, f2, g*, g®andtheir translates have mmpad suppat with
diam-MCB( f ) + diam-MCB(g")£N".

Let f** be avectorinaP” Q-2D space VF with N < P,Q, f*(xy) = f *(xyy) for

0£xy<N, f¥(xy) =0forxy3 NandV " =span(f; **, f; *} il {0,...,P-1},

i1 {0,...,Q-1}. Thatis f*® f*isanexensionmappingfromVtoV". Definef? g'*

and g** in the @rrespondng manner.

The frame decompasiti on equation gives us the following for all f.

l\gll\(l)—l
f=aa((f.o)i+(f.g))

i=0 j=0
Let ¢ = (N-1)/2 and substitute f 1. for f.
N-1N-1

fe=aa((fee)f+(f2a)) 1)

i=0 j=0

By the @nstruction o f*, f**, g** and ¢**

1+ _
fcc -

a

N-1N-1
o]
) -0

A (T o)t +(12.07) 177)

i=0

By the cmmpact suppat requirement, for NEKk<PorN£1<Q

(fe o) =(fsa0) =0

Thisimplies that
A& () (i) )
i=0 j=

10



By atrandation d the wordinates, x/E x + pandyA y + p,
+ P-él+pQ-°1+q + + + + + +
fc1+p ctq a. a. (< fcl+p c+q? gi1+p,j+q> fil <fc1+p c+q? gi2+q,j+q> f|fp ]+q)
=p ]=q

Then by a dhange of variablesin the summations, i 4&i - p and jA&j - q,

R1QL

fcl:p c+q aé ao (< fcl:p ct+q? g|lj+> fil+ < fcl:p ct+q? gIJ > flj )
i=0 j=
Sincef® = 9P%. M theextended duals are the duals of the extended frame members.

c+p,ctq
This equationistrue for al 9°% . * andistherefore true for all the trandates of f *.

The same steps work equally well for f 2* soit is true for al frame members, and
therefore by linearity it istrue for their span V*. So the frame {f; **, f; **} will have
{g;'", g;*'} asitsstandard dual. Thisconclusionwill hald for aslightly more general

setting as in the following theorem.

Corollary 4.7: Theorem 4.3 hdds for {f; Y wherek1 {1,2, ...,n}.

N

=88 a(fa)

SD°:

Proof: Apply the same stepsin 4.3to f

=
1l

1 i=1

[N

" Normally the vectors will be cetered exadly and < N will be sufficient.

11



|
C

Figure 1. lllustration d Theorem 4.3
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CHAPTER 5.

I mplementation and Application of Image Combinations of Two different Foci

5.1Digital Images asVectors

In this paper, digital bladk and white images are represented asm” n matrices [a; ;]

O£ i<m, OF j< n, which can aso be viewed as mn-tuples, or vectors of dimension mn.
(1, -1 801, @21, ---y B2y -y BmLs +evy Bmpn)

In most pradicd applications, the dements of these matrices are integers

a1 {0,1,...,255}, havever theintermediate computations trea them asreals,

aijl [0,259. To simplify some cdculations, the 2-dimensional image wrapped around

with &; = ai+mj, and aj = a;j+n. Thejustificationis that where unknovn image data that

isoutside of the boundxry of theimage is neaded for computations, it is reasonable to use

known datathat is part of theimage. The inner product applied to this vedor space isthe

2-dimensional dat product

<37 b> = ém é a b,

k=0 1=0

Viewed as mn-tuples, thisis the standard da product.

13



5.2FrameVedors

Thetwo prototype vectors for the frame ae generated as foll ows

The x,y indices are over theintegers [0, ...,m-1] and|[O, ...,n-1], so there ae 2mn
vedorsintheframe. The Cconstant isanormalizing constant. Each of these matrixesis
converted to an mn-tuple or row vector. Using these row vedors, anmn” 2mn
transformation matrix is constructed. For each pixel either the gopropriate "in focus” or
"out of focus vedor" is used depending on the value of the mapping function. When this
transformation matrix operates on the mn column vedor representing the image matrix, a
2mn column vedor is computed. Ead half of this vedor represents an image focused at
one of the two distances. In ared world applicaion this vedor contains the two images
obtained by a camera, ore focused at the foreground distance and ore focused at the

badkground dstance.
This matrix isthe S operator which isinvertible. By computing S™ the original in focus

image may be reconstructed by operating on these vectors. The foll owing figure shows

threedimensional graphs of atypical vedor used in this paper.

14
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Figure 2. A Gaussan

5.2 Creation of the Testing images

A picture was chosen for use in simulation studies. A focus map was creaed using a
GUI program that displayed the image & a background. The focus map consisted of a
single0 o 1 for each pixel in the original image indicating whether the @rrespondng
pixel wasto be ansidered in the foreground o badkgroundfocus plane. Two

normali zed, dgitized n” n Gausdan vedors, f * and f 2 were prepared. The testing images
were aeated by projecting the original image onto the frame systems formed by the
rotational translations of these two vedors. Nineteen trials were performed using
different pairs of vectors. Thefirst vedor was always creged with V = .15. The second

vedor was varied in eadh trial with the Gausdan sigma onstant set asV = .15+ .18k,

15



with k varying from 1 to 19. Using alarger value of k caused a flatter Gausgan and the
resulting images were more out of focus. The mnwversion d each pixel in theimages was
cdculated as the dat product of one of the two vedors offset into the original image.

This sSmulated adigital camera phaographing two images at two different focus sttings.
The focus map was used to decide which of the vedors the translated vedorsf * or f 2
were used in the dot product, so it determined which regions of the original image were

in or out of focus.

5.4 Computation Issues

The required computation described so far consists of finding the pseudo-inverse of an
mn”~ 2mn matrix. For animagewith 384" 512 pxels, thiswould invalve finding the
pseudo-inverse of an approximately 200,000 400,000matrix, one which has abou
80,000,000,00@ ements. The memory requirements just to hdd this matrix are ébout
640gigabyte, which is beyond the capacity of most modern PC's. Thetimeto calculate
the pseudo-inverse of this matrix onamodern PC would probably need to be measured in

millennia

If the frame vectors happens to have compad suppat, then the dual vedors could be
cdculated using amuch smaller matrix. Unfortunately the adual function o ared
cameradoes nat have this property, na would the duals. However the tail s of both of the

original function, and the dual vectors shoud decresse exporentially. Therefore they can

16
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There aetwo levels of accuracy of interest with resped to when the vedors approximate
compad suppat. Oneisthe numericd acaracy that the IEEE-754floating-point values
used in al cdculations are capable of providing. The IEEEformat has 64 kts al ocated
to the mantissa of the value that translates to about 16 dedmal places. The value of each
pixel ranges from 0 to 255,50 acairacy's better than 10 are not expeded except by
coincidence. So what size matrix is heeded to oltain this acaracy?

A more practicd questioniswhat size matrix is needed to acairately reproduce the
original phatograph? This caculationwill only require aaccuracy of about 10°
asuming that an average error of lessthan .1,will produce an imagethat is
indistinguishable from and in most casesidenticd to the original. Even lessacaracy

may be visually acceptable.

5.5Computing the Focus M ap

When simulating the dfed of taking a picture by projedion, a determination must be
made for ead pixel asto whether it will use the in-focus or out-of-focus frame members.
Thiswas done using afocus map that had a binary value for each pixel indicating
whether the pixel wasin or out of focus. Thisis provided a priori for this dudy as part
of the simulation, bu in ared world applicationthiswould na bethe cae. It would
however be passble to generate thismap. One solutionfor generating the focus map

comes from known image processng algorithms. To find ojed edgesin the origina

18



two images, the following procedure can be gplied. Theimages can be smoothed using
atwo dmensional Gaussdan, foll owed by finding the 2" derivative. Zero crossngs of
the result indicate objedt edges. This calculationis smplified by smoothing with the 2™
derivative of the Gaussan.” Edges will divide theimage into separate regions.
Comparing the regions from each separate image, the values within an ou of focus

regionwill be more uniform than those of an in-focus region.

19



CHAPTER 6. Results
6.1First Test
In an attempt to confirm the theory, avery small image of size 32" 32 gxels was used.
The original image istoo small to view easily, so that each pixel in the image below has

been enlarged for clarity.

Image 1. Original Cat's Eye

Thisimage was used to generate two partially out of focusimages using avery simple
focus map that defocuses all pixelsto theright or to the left of the center. Defocusing
was dore by projecting the original image onto a 32" 32 dmension space, whose frame
vedors were @nstructed from a Gaussan. Thes value of the Gaussan chasen from the
formulaes = .15+ (.18) k, using aninteger k=1, ..., 19. Inthisfirst test | used k=19 or

$=2.57.

20



Image 2. Left in Focus Image 3. Right in Focus

Note that the reconstructed image below is indistinguishable from the original.

Image 4. Renstructed Image

21



In the test displayed here the values s= 3.57 (k=19) was used. The spacethat the duals
were cdculated in had dmension 32 32. The maximum pixel error in thistrial was
0.256,and the average pixel error was 0.074. The quantized (integer) pixel valuesfor the
reconstructed image were identicd to the original image. Thiswas not surprising and it
confirmed the correanessof the software aswell asthe use of frame theory. Next a

more reali stic test was run wsing amore redisticdly sized image.

6.2 Remnstruction

The 384" 512 pxel image shown below was chasen for all trials.

Image 5. Original image

22



Image 6. Focus Map (Representation)
A program read in thisimage and also the focus map. Image 6 isavisual representation
of the focus map used to show which regions of theimage were smulated to bein the
foregroundand background. Two dfferent unfocused images were creaed using this
map, ore focused in the foregroundand ae focused in the badkground.Dua vedors
were computed in subspaces of each of the 19trials described in sedion 5.2. For each
frame the duals were computed in subspaces ranging from dimension 17 17 through
57 57in steps of 2. Computing the dualsin small dimension subspacewas fast, but in
large dimension it because very time consuming, upto 2 a 3 days. After computing the
duals arepresentative pair, g; and g, of the dual vedors were identified and saved

separately. All other duals were translates of these two vedors as siown by theorem 3.1.
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These duals were saved onthe computer's disk so that the reconstruction tests could be
repeaed withou the long computation ead time. The dual vectors were logicdly zero
fill ed to match the dimension d theimage. Knowledge of which coordinates were zero
was used to optimize the final step in reconstruction. Tranglations of the representative
duals were then used to reconstruct the image from the two urfocused images. Finally
the reconstructed image data was compared to the original data. An error value was
cdculated for each trial asthe average of the asolute value of the differences of the
original and reconstructed pixels. The reconstruction program was used repeatedly for
eadt frame-subspace pair. The purpose of all these trial was to find the minimum
subspacefor which each frame showed dmensioninvariant behavior. This average eror

for each trial islisted in table 1 below.
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Image 7. Foregroundin focus k=19

Image 8. Badkgroundin focus k=19
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Image 9. Remnstructed image using suppat width 23

6.3 Evaluation of Remnstruction Computations

The foll owing table shows the arerage error to ore dedmal place for each combination d
s (frame pair) and each subspacedimension. Thefirst thing to ndiceisthe boldface
region d the Table 1 that appearsin part 1. For k lessthan 7,at some dimension the
values gop deaeasing below 102  Given the range of values for pixels of 0 to 255,
these values near 102 are indistinguishable from zero. This minimum error is the round
off error foundwith the IEEE-754floating-point variables used in the cdculations. To
reconstruct the image to better acauracy, higher precision variables would be needed.
Thisleveling off of the erorsindicates where dimensioninvarianceis achieved. The
secondregionto naicein Table 1, part 2 istheitali cized region that is foundin the upper

right hand corner of thetable. These arors represent reconstruction that would be less
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than perfed with resped to the quantized integer values of pixels foundin most digital
images. Eveninthisregionthe arorsin reconstructionwill be hard to ndice visualy.
Thisisan important finding for pradical reasons. The57 57 dual calculation represents
the pradical limits of computation with the computer hardware used. The cmputation
of dualswith this sze subspacetook 23 days and maximum acairacy was not reached
forany s >1.08(k>6). On the other hand,the 57 57 dwl cdculationtook lessthan a
minute and would clealy be acceptable for most practica purposes. The boundries
between these regions are somewhat arbitrary, hovever the general shapeisclea, and

extrapolation to larger subspaces can be cdculated.
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k

11

12

Support
nn
17
19
21
23
25
27
29
31
33
35
37
39
41
43
45
47
49
51
53
55
57

5.8E-13
1.3E-13
3.9E-13
1.8E-13
2.3E-12
1.7E-12
2.7E-12
1.3E-12
2.8E-12
3.1E-12
2.7E-12
3.1E-12
3.3E-12
3.8E-12
3.7E-12
4.2E-12
3.3E-12
4.4E-12
6.0E-12
2.9E-12
5.8E-12

2.0E-09
2.8E-10
1.4E-11
1.4E-12
6.0E-13
1.1E-12
1.7E-12
7.6E-13
8.3E-13
1.3E-12
2.5E-12
7.0E-13
2.1E-12
3.6E-12
4.5E-12
4.4E-12
7.1E-12
4.7E-12
5.4E-12
3.2E-12
7.0E-12

5.3E-07
1.4E-07
4.6E-09
4.0E-09
2.7E-10
9.1E-11
1.4E-11

2.0E-12
1.0E-12
2.1E-12
1.8E-12
2.0E-12
2.6E-12
3.0E-12
3.7E-12
3.8E-12
4.8E-12
3.1E-12
4.3E-12
3.2E-12
5.7E-12

1.2E-05
3.8E-06
8.7E-07
1.6E-07
5.8E-08
5.8E-09
3.5E-09
1.7E-10
2.0E-10
1.2E-11
1.1E-11

2.4E-12
2.7E-12
8.5E-13
2.1E-12
2.6E-12
1.6E-12
2.1E-12
2.2E-12
3.1E-12
1.7E-12

9.4E-05
5.5E-05
5.3E-06
4.1E-06
1.3E-06
1.2E-07
1.4E-07
2.4E-08
7.6E-09
3.7E-09
2.9E-10
3.0E-10
8.4E-11
1.1E-11
9.7E-12

2.7E-12
3.3E-12
3.1E-12
2.1E-12
2.8E-12
2.3E-12

7.4E-04
6.4E-05
9.8E-05
3.5E-05
3.0E-06
4.4E-06
1.7E-06
1.7E-07
1.9E-07
8.2E-08
9.5E-09
8.3E-09
4.0E-09
5.3E-10
3.6E-10
1.9E-10
2.9E-11
1.5E-11
8.8E-12

1.8E-12
1.0E-12

2.5E-03 2.2E-03
1.1E-03 2.7E-03
1.6E-04 1.4E-03
1.1E-04 3.6E-04
7.9E-05 9.2E-05
2.3E-05 1.2E-04
3.2E-06 5.9E-05
4.6E-06 1.5E-05
2.1E-06 4.0E-06
3.7E-07 4.8E-06
2.0E-07 2.5E-06
1.5E-07 6.2E-07
4.7E-08 1.7E-07
5.8E-09 2.1E-07
8.6E-09 1.0E-07
4.2E-09 2.6E-08
8.0E-10 7.5E-09
3.6E-10 8.7E-09
2.9E-10 4.4E-09
9.6E-11 1.1E-09
1.1E-11 3.2E-10

7.0E-03 2.3E-02
2.4E-03 5.6E-03
2.9E-03 2.5E-03
1.7E-038 3.1E-03
5.9E-04 2.0E-03
9.4E-05 8.5E-04
1.3E-04 1.9E-04
9.8E-05 1.2E-04
4.3E-05 1.3E-04
9.8E-06 7.8E-05
4.7E-06 3.2E-05
5.1E-06 6.7E-06
2.8E-06 5.3E-06
9.0E-07 5.3E-06
1.6E-07 3.1E-06
2.3E-07 1.2E-06
1.6E-07 2.3E-07
6.8E-08 2.3E-07
1.4E-08 3.8E-07
9.1E-09 1.2E-07
8.7E-09 4.3E-08

4.6E-02
1.9E-02
4.6E-03
2.7E-03
3.3E-03
2.3E-03
1.1E-03
3.5E-04
9.6E-05
1.4E-04
1.1E-04
6.2E-05
2.4E-05
5.0E-06
5.7E-06
5.4E-06
3.4E-06
1.5E-06
2.1E-07
2.5E-07
2.5E-07

7.0E-02
3.8E-02
1.6E-02
4.0E-03
2.9E-03
3.4E-03
2.5E-03
1.4E-03
5.3E-04
1.2E-04
1.3E-04
1.4E-04
9.6E-05
4.9E-05
1.7E-05
4.4E-06
6.1E-06
5.6E-06
3.6E-06
1.7E-06
5.5E-07

Table 1. Part 1. Error Vaues for Each Suppat-k Pair (continued onthe next page)
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k 13 14 15 16 17 18 19
Support
nn
17|9.2E-02(1.1E-01 1.2E-01 1.2E-01 1.2E-01 1.1E-01 1.0E-01
19|6.1E-02 8.2E-02(1.0E-01 1.1E-01 1.2E-01 1.2E-01 1.2E-01
21|3.3E-02 5.3E-02 7.4E-02 9.3E-02|1.1E-01 1.2E-01 1.2E-01
23|1.4E-02 2.8E-02 4.7E-02 6.7E-02 8.6E-02(1.0E-01
25|3.5E-03 1.2E-02 2.5E-02 4.2E-02 6.0E-02 7.9E-02 9.7E-02
27|3.1E-03 3.2E-03 1.0E-02 2.2E-02 3.7E-02 5.5E-02 7.3E-02
29|3.6E-03 3.2E-03 3.0E-03 8.9E-03 1.9E-02 3.3E-02 5.0E-02
31|2.8E-03 3.7E-03 3.4E-03 2.8E-03 7.8E-03 1.7E-02 3.0E-02
33|1.6E-03 3.0E-03 3.8E-03 3.5E-03 2.8E-03 7.0E-03 1.6E-02
35|7.3E-04 1.9E-03 3.1E-03 3.9E-03 3.6E-03 2.8E-03 6.2E-03
37|2.2E-04 9.4E-04 2.1E-03 3.3E-03 4.0E-03 3.7E-03 2.9E-03
39|1.1E-04 3.5E-04 1.2E-03 2.3E-03 3.5E-03 4.1E-03 3.8E-03
41|1.5E-04 1.1E-04 5.0E-04 1.4E-03 2.5E-03 3.6E-03 4.2E-03
43|1.3E-04 1.5E-04 1.5E-04 6.7E-04 1.6E-03 2.7E-03 3.8E-03
45|7.9E-05 1.5E-04 1.3E-04 2.3E-04 8.4E-04 1.8E-03 2.9E-03
47|3.9E-05 1.1E-04 1.6E-04 1.2E-04 3.5E-04 1.0E-03 2.0E-03
49|1.3E-05 6.6E-05 1.4E-04 1.6E-04 1.2E-04 4.8E-04 1.2E-03
51|4.4E-06 3.1E-05
53|6.4E-06
55
57|3.8E-06 6.5E-06 7.6E-06 4.4E-05 1.1E-04 1.7E-04 1.6E-04

Table 1. Part 2. Error Values for Each Suppat-k Pair (continued from the previous page)

Table 2 below shows an approximate but meaningful lower estimate for the dimension
where dimension invarianceis achieved. These values are taken from the wandering line
that borders the top d the boldfaceregion o Table 1 part 1. The values show the total
suppat needed bu they do nd show what the individual suppats are for the origina

vedor and its dual.
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s Index Sigma| Support

nn
1 0.33 11 *
2 0.51 23
3 0.69 31
4 0.87 39
5 1.05 47
6 1.23 55
7 1.41 63
8 1.59 71
9 1.77 79
10 1.95 87
11 2.13 95

12 2.31 103
13 2.49 111
14 2.67 119
15 2.80 127
16 3.03 135
17 3.21 143
18 3.39 151
19 3.57 159
* Estimated

LR T T A N I S

Table 2. Suppat Vaues Determined from Table 1

To estimate the separate individual origina veador/dual vedor supports, the foll owing
two tables were mnstructed. The table entries ow the @solute value of the maximum
coefficient foundin each vector outside of the area of suppat. Table 3isfor the original
vedors andtable 4 isfor the dual vedors. Oncethe tables were mnstructed, values
where the magnitude of the two vedors were ébout equal were dhasen such that the total
suppat was equal to or greaer than the suppat required by table 2. This magnitudeis

ill ustrated in the foll owing two tables by the wandering li ne passng through the tables.
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k 1 2 3 4 5 6 7 8
Support
nn
o| 96E-01 6.0E-01 33E-01 21E-01 14E-01 11E-01 80E-02 6.3E-02
2| 9.7E-03 87E-02 1.2E-01 1.1E-01 9.2E-02 7.6E-02 6.2E-02  5.2E-02
4| 10E-08 27E-04 50E-03 15E-02 24E-02 28E-02 29E-02 2.9E-02
6| 1.1E-18/ 1.8E-08 2.6E-05 55E-04 24E-03 54E-03 8.3E-03 1.1E-02
gl 12E-32 26E-14 5.4E-06 1.0E-04 53E-04 14E-03 2.7E-03
10| 1.4E-50 8.0E-22  1.3E-12| 14E-08 1.7E-06 2.7E-05 1.5E-04 4.5E-04
12| 16E-72 53E-31 1.3E-17| 99E-12 1.2E-08 7.2E-07 9.4E-06 5.1E-05
14| 1.9E-98 7.4E-42 15E-23 18E-15| 3.2E-11 9.8E-09 3.6E-07  3.9E-06
16| 2.3E-128 2.2E-54 2.2E-30 9.2E-20 3.6E-14| 6.9E-11  8.2E-09  2.0E-07
18| 29E-162 1.4E-68 3.8E-38 12E-24 16E-17 2.5E-13
20| 3.8E-200 2.0E-84 8.2E-47 4.3E-30 29E-21  4.7E-16
22| 5.1E-242 5.7E-102 2.2E-56 4.1E-36  2.1E-25 4.5E-19  4.9E-15  2.6E-12
24| 7.0E-288 3.6E-121  7.0E-67 1.0E-42 6.3E-30 2.3E-22 15E-17 2.7E-14
26 0 4.8E-142 28E-78 6.9E-50 7.5E-35 58E-26 2.8E-20 1.9E-16
28 1.4E-164  1.4E-90 12E-57 3.6E-40 7.8E-30 3.1E-23  9.2E-19
30 8.6E-189 8.0E-104 5.9E-66 7.0E-46 53E-34 2.1E-26 3.0E-21
32 1.1E-214 5.8E-118 7.6E-75 55E-52 1.9E-38 8.8E-30  6.5E-24
34 3.2E-242 52E-133 2.6E-84 17E-58 3.5E-43 2.2E-33  9.5E-27
36 1.9E-271 5.6E-149 24E-94 22E-65 3.3E-48 3.3E-37  9.3E-30
38 2.5E-302 7.5E-166 5.7E-105 1.1E-72  1.6E-53  3.0E-41  6.2E-33
40 0 1.2E-183 3.7E-116 24E-80 4.1E-59 1.6E-45  2.8E-36
42 2.4E-202 6.4E-128 2.0E-88 5.3E-65 5.4E-50  8.3E-40
44 5.9E-222 209E-140 6.8E-97 3.6E-71  1.1E-54  1.7E-43
46 1.8E-242 3.6E-153 9.3E-106  1.2E-77  1.3E-59  2.3E-47
48 6.5E-264 1.2E-166 5.1E-115 2.2E-84 9.8E-65 2.1E-51
50 2.9E-286 1.0E-180 1.2E-124 2.1E-91 4.4E-70 1.3E-55
52 0 24E-195 1.0E-134 9.9E-99 1.2E-75 5.4E-60
54 1.5E-210 3.8E-145 2.5E-106 1.9E-81  1.5E-64
56 2.5E-226 5.5E-156 3.1E-114  19E-87  2.9E-69
58 0 0 0 0 0

Table 3. Maximum Error Outside of Suppat for Original Vedor
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k 1 2 3 4 5 6 7 8
Support
nn

o| 52E-01 7.4E-01 88E-01 93E-01 95E-01 9.6E-01 9.7E-01  9.8E-01
2| 5.1E-03 54E-02 6.1E-02 4.9E-02 3.8E-02 3.0E-02 24E-02 1.9E-02
4| 24E-05 19E-04 65E-03 1.3E-02 1.6E-02 1.6E-02 15E-02 1.4E-02
6| 20E-08 27E-04 1.2E-03 3.7E-05 2.8E-03 5.2E-03 6.6E-03 7.2E-03
g| 14E-09| 23E-05 46E-05 57E-04 4.8E-04 45E-04 16E-03 2.7E-03
10| 1.2E-11| 4.4E-07 29E-05 3.3E-05 3.1E-04 4.0E-04 9.6E-05 4.6E-04
12| 5.2E-14| 9.6E-08 1.1E-06 24E-05 27E-05 1.9E-04 2.9E-04 2.0E-04
14| 1.7E-16| 1.2E-08 5.8E-07 29E-06 1.9E-05 2.2E-05 1.3E-04 2.1E-04
16| 4.2E-17| 4.8E-10 6.9E-08 10E-06 6.1E-06 1.4E-05 1.8E-05 8.8E-05
18| 1.0E-16 3.0E-11| 8.7E-09 20E-07 2.7E-07 7.5E-06 1.0E-05 1.5E-05
20| 8.0E-17 6.2E-12| 2.4E-09 4.0E-08 56E-07 1.1E-06 7.7E-06 7.1E-06
22| 8.2E-17 3.9E-13| 35E-11 1.3E-08 9.6E-08 5.1E-07 2.3E-06 7.2E-06
24| 7.3E-17  4.0E-15| 6.1E-11  1.3E-09 26E-08 3.1E-07 7.0E-08 3.1E-06
26| 7.7E-17 3.2E-15 3.8E-12| 7.2E-10 1.4E-08 52E-08 3.8E-07 5.2E-07
28| 6.4E-18 2.2E-16 1.3E-12| 24E-11  7.3E-10 1.8E-08 1.8E-07 2.7E-07
30| 2.1E-17 20E-16 1.9E-13  3.9E-11| 1.0E-09 13E-08 3.0E-08  2.6E-07
32| 4.1E-17 25E-17 1.7E-14 11E-12| 28E-10 25E-09 1.4E-08 1.1E-07
34| 7.9E-17 39E-16 6.4E-15 2.0E-12| 27E-11 6.7E-10 1.2E-08  1.9E-08
36| 4.8E-17 13E-16 29E-16 1.8E-13| 3.0E-11 56E-10 3.7E-09  1.0E-08
38| 17E-16 6.4E-17 15E-16 9.6E-14 4.3E-12| 12E-10 1.9E-12 1.0E-08
40| 6.8E-17 6.0E-19 58E-17 15E-14 1.7E-12| 24E-11 509E-10 4.3E-09
42| 1.1E-16 6.8E-17 1.4E-16 4.1E-15 7.5E-13 24E-11| 3.0E-10 6.9E-10
44| 4.3E-17 27E-17 2.8E-16 9.2E-16 1.2E-14 509E-12| 56E-11  4.1E-10
46| 10E-16 17E-17 9.1E-17 1.0E-16 6.3E-14  7.9E-13| 2.0E-11  3.9E-10
48| 7.1E-17 10E-16 57E-17 3.3E-16 1.5E-14 10E-12| 1.9E-11  1.7E-10
50| 6.4E-17 1.1E-16 3.8E-16 6.7E-17  2.3E-15  2.8E-13  6.5E-12| 2.7E-11
52| 22E-16 13E-17 3.1E-16 3.3E-17 1.8E-15 23E-14 2.3E-13| 1.6E-11
54| 1.5E-16 11E-16 7.0E-17 15E-16 4.6E-17 4.2E-14 9.3E-13| 1.5E-11

Table 4. Maximum Error Outside of Suppat for Dual Vector

32




The values at the wandering lines are summarized below in table 5. Thetotal columnis
taken from table 2, and represents the total suppat needed for perfect reconstruction to
the acarracy of the variables used, or in ather words, the support nealed to achieve

dimensioninvariance or each frame (k value) tested.

Frame Vector Dual Vector Total
k

1 5 7 12
2 7 17 24
3 9 25 34
4 13 29 42
5 15 37 52
6 17 41 58
7 19 49 68
8 21 57 78

Table5.n" n Suppat Nealed for Perfect Reconstruction
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CHAPTER 7. Conclusions and Future Study
7.1Conclusions
Image representation and reconstruction wsing 2D frames of translates are studied in this
thesis. An applicdion d the study isin image reconstruction from two or more images
of different foci. A major issue of the study is that whil e the numerical complexity of
cdculationis amost intradable, the use the dimension invariance of compadly suppated
frame members makes the caculation pasblein such frame systems. The study finds
that frame systems with members that approximate mwmpad suppat are dso subject to

this treament.

7.2Application

Before apracticd application d thistheory is passble, there ae anumber of areas that
will neal further research. Few images consist of objects at exadly two focus distances.
This paper can be extended to more than two sets of frame vectors. Even with the use of
asmaller dimension space for cdculating pseudo-inverses, some of the calculations take
an impradicably long time. This problem may be surmourted by pre-computing the
duasfor fixed s values and passhly interpolating for intermediate values. There are
also engineaing and design olstadesto producing multi ple images that are properly

aligned, and to determining the actual frame vectors.
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APPENDIX A, Calculation of the Pseudo-lInverse
Because the frames used in this paper are finite dimensional, the standard dual frame can
be foundby computing the Moore-Penrose pseudo-inverse.  The pseudo-inverse of a

matrix A can be cdculated using the singular decompoasition. Giventhat A = USV',

where U and V are square matrices, and S is a diagonal matrix whaose diagonal values are

the singular values of A, the pseudo-inverse may be cdculated asA™ = vS*U'™ 2

OncetheV', S, and U are known, it istrivial to findV, S*and UT, and therefore A’ .

A strategy for finding the singular values of A requires computing the pasitive square
roots of the eigen-values of A*A and AA*.° Many methods exist for estimating eigen-
values exist, seefor example Fundamentals of Matrix Computations, 2" Edition, David

Watkins, Wiley Inter-Science, Chapters 5 and 6.

The singular value decompositi on cdculation was performed using a software padkage
cdled newmatl1 avail able & http://www.robertnz.net/nm11x.htm. Thisisagenera
purpose C++ matrix handling software padage. The single value decompasition routine
has the foll owing comment with respect to its algorithm, "from Wil kinson and Reinsch:

Handbook & Automatic Computation.”
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APPENDI X B, Software Description

All software used in this project was written by the author, except asnoted. This
software is avail able for inspedion at ftp://www.schoenbrun.com/putymsthesis.tar.gz.
The software was written using the C and C++ languages and compiled using the 2.95.3
version d the GNU compiler. The operating system used was QNX 6.3.0,whichisa
Unix like Posix conforming operating system, however no operating system specific
feaures were used in the calculations. The hardware used was a Superserver brand
computer model 8042, wing 4, 15Ghz Intel Pentium IV Xeon grocessors. None of the
software used multi ple processors smultaneously. Their avail ability did help to speed
processng during some of the longer tests by all owing multi ple simultaneous trials.
For thisinvestigation Hack and white digital images of dimension 512x 384 were used.
Eacdh pixd isrepresented by an integer [0..255 where O represents pure blad, and 255
represents pure white. Color images are typically represented using three RGB (red,
green, due) integers 2 that the results may be extended by applying the mmputations to
ead color channel separately. Each pixel isconsidered a coordinate in an m x n vedor.
For computations, the cordinates were represented by an IEEE-754 doulbe precision
floating point value. This representation consists of:*°

Field Binary Bits

Sign 1 [0=+, 1=-]

Exporent 11 [-1023,102%
Mantissa 52 [0,1], approximately 16 decimal digits
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The main software modues consist of four C++ dasses known respedively as gaussan,
image, pinverse, and sequence. C++ dasses are prototypes of objeds that consist of bath
data and programming code. The data and code ae hidden within the objed except
through its pulic view. This gives an olject the properties of abladk bax. The user of

the objed knows only what the object does, bu not how it doesiit.

Gaussan: This classcredes asingle 2-dimensional prototype vector of specific width
and sigmavalue. The aeation code aitomaticadly normali zes the data. Sigma values
were spedfied using an index [0..19] which istranslated into ared value using the
formula.15+ .18 * Index. Internally the datafor thisvedor is gored as a matrix of
values, each o type "doule". Two oljects were aeded from this classfor calculations.
The width is aways an oddinteger so that the center of the functionislocaed at the

center of apixel.

Image: This classwas used to hide the detail s of the .BMP disk image file format. The
classwas used to read images, provide accessto their pixel data, andto save new or
modified images. Whil e the image format only suppats pixels with integer values from O
to 255,this class sored and cdculated all i ntermediate data using a floating point type
"douHle". Thisclassalso contained the ade for creating the foregroundand badground

focused image versions.
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Pinverse: This classwas used to cal culate the pseudo-inverses given two Gaussan
objeds. The processof calculating the inverse was the most time cnsuming part of the
cdculation, at timestaking 2 or 3 days. To ke from having to repea any such
cdculations, this classautomaticdly stored resultsin a disk file, and avoided
recdculation when adisk versionwas found. This classalso contained the
reconstruction code used when the inverse matrix was cdculated at full size. Theroutine
that computes sngle value decompasition for determining the pseudo-inverseis part of

the padkage newmat11 described in Appendix A.

Sequence Sincethe frames used in this projed consisted of two prototype vedors, it was
only necessary to store apair of dual vectors. This pair was cdled asequence This
classrequires the pinverse classfor computing these sequences, and then storesthem in a
disk file. This classalso contains the reconstruction code for use when the duals are

cdculated with a matrix small er than the original image.
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Figure 5. Software Flowchart
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These modues were used in aprogram cal ed reconstruct, which performed the foll owing

steps.

1) Credethe nealed Gaussans.

2) Crede theforegroundand backgroundimages.
3) Credethe needed pseudoinverse

4) Reonstruct the original image
5) Calculate arors between the origina and reconstructed images

The average eror was cdculated as follows

ae=a alpa i)- PG i) /m

i=0 j=0
where P, isthe original image data, and P, is the reconstructed data.

A GUI utility program cadled mapper was used to manually generate the focus map. This
program all owed the user to chocse pixels using the original image & a badkground
guide. The GUI used by this ftware is native to the QN X operating system, and so

unfortunately canna be eaily ported to ather systems.
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APPENDIX C, Optical Description
A phaographic camera @nsists of an ogicd system, and an image detedor, commonly
film, or in the cae of adigital camera, a charge couped device (CCD). Inanideal
camera, image capture is alinear projedionfrom objedsin the threedimensional red
world spaceonto the image detector. Inredity, there ae anumber of distortions that
take place. Themain dstortionisthat of focus. A lensworks by bending the light path
of the original image. Thisbending is dueto the differenceof index of refradion d the

two media, air and glassor plastic that the light passes through.

Figure 6. In Focus Image
If different light paths from the same paint in the original image do nd intersed in the

same location onthe image detedor, so the image will appear out of focus.

Figure 7. Out of Focus Image
Focus is also affected by the size of the lens opening, referred to as the f-stop. A smaller
opening or f-stopwill creae an image that ismore in focus. In phdographic terminology

thisisreferred to as agreder depth of field.
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Figure 8. Reduced f-stop
It isnot posgblefor al parts of the original image & diff erent distances from thelensto

al bein focus, although this can be mitigated by using large f-stops.

For this paper the defocusing of an imageis smulated by a 2-dimensional Gausdan
function. Thisfunction hes the feaures of being radially symmetric, and center
weighted with an exporential drop df of distancefrom the center. This of courseisnaot
an exad function for lensesin general, bu it served as an adequate tod for the
investigation. For apradicd applicdion, the transformation function o alens would
haveto be accurately measured. The techniques for doing this are beyondthe scope of
this paper. It isaso assumed that al the objectsin the original image ae & exadly two
different distances, d, the in-focus distance, and do the out of focus distance. The
projedion d the origina image onto the detedor is afunction h:XAY where X isthe 3
dimensional red world space and Y isthe 2 dmensional image detedor space Since dl
of the objedsin the original space are located at only two dfferent z distances from the
lens, the function can be rewritten as foll ows, reducing the problem to ore of 2
dimensions:

h(X!y!Z) = mI(X!y)hI(X!y) + rnO(X!y)hO(X!y)
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where h, is an in-focus transformation, hp is an ou-of-f ocus transformation, and where

my and mp are the mapping functions

_11if z=d, _10if z=d,
M loifz=d, ™ L1t 2=d,
This can further be refined by nating that mo(x,y)= 1 - my(X,y). Also nae that h, should
be very close to asimple dilation and arotation. By using the gpropriately transformed

coordinates, h, becomes an approximation d the mathematicd identity.

For simplicity an existing digital image is used as a surrogate for the real world space,
with an artificialy generated mapping function. The transformations with the foll owing
convdution

- (x1)*+(y-u)®)

R*G(s) = @) RC.U)G, (x- t,y- u)dt du =Ccg) R(t,u)e s? dt du

where R(X,y) isthe function associated with the real world image, and C anormalizing
constant such that

- (t2+u?)

Cc‘ﬁe s® dtdu=1

with s, and s constants that determine the degree to which atransformation defocuses

the original image.
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Thevaluesof s arelimited to s = .15+ .18kwhere k=[0..19. This provides a sprea of
h functions from a near perfect focus to significantly out of focus. To model rea digital

phaos, the R functionis represented by an m” n matrix,

[Rx,] and h; and ho become

- ((m- x)*+(n- y)®) - ((m- x)%+(n- y)*)

h(xy)=CaR,e  , h(xy)=C.aR,e
X,y X,y

with the sums over integers [0,...m-1] and[0,...,n1]. Thereisone moreimportant,

although somewhat unredi stic simplificaionin this model.

Figure 9. Multiple Foci
In the upper image is an in-focus function h; mapped to the letter A, and an ou of focus
function ho mapped to the letter B. In the lower image is the oppdasite, an in focus

function h" mapped to the letter B, and an ou of focus function ho' mapped to A.

44



It shoud be dea that h, = h," sincethey are bath close to identiti es, hovever in genera
ho 1 ho'. If the distance from the lettersto the lensislarge mmpared to their relative
distances ho » ho'. The simplification ho = ho' is used so that the frame will be made of
two sets of vedorsinstead of four. Whilethisis areasonable simplificaionfor this

paper, it may not be valid for practicd appli cations that will need al four functions.
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APPENDIX D, A Real World Test
During the murse of this projed ared world example wastried. A scene with
foregroundand background olpeds was st up and two phdographs were taken, ane
focused in the foregroundand a secondfocused in the background. A focus map was
cdculated using avery simple dgorithm. The idea behind this agorithm isthat if an ou
of focus pixel isre-projeded using an ou of focus frame member, its value shoudd na
change, however if it isan in focus pixel it will . The images were reconstructed using the
same program asin the thesistests. Theresults suffer from a number of real world
problems that were not addressed in this paper, howvever the results are visually

interesting.

Image 10. Red world image, backgroundfocus
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Image 11. Red world image, foregroundfocus

Image 12. Red world image, reconstructed
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